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Abstract: We consider the semiclassical limit of the vacuum Virasoro block describing
the diagonal 4-point correlation functions on the sphere. At large central charge c, after
exponentiation, it depends on two xed ratios hH=c and hL=c, where hH;L are the conformal
dimensions of the 4-point function operators. The semiclassical block may be expanded in
powers of the light ratio hL=c and the leading non-trivial (linear) order is known in closed
form as a function of hH=c. Recently, this contribution has been matched against AdS3
gravity calculations where heavy operators build up a classical geometry corresponding to
a BTZ black hole, while the light operators are described by a geodesic in this background.
Here, we compute for the rst time the next-to-leading quadratic correction O((hL=c)2),
again in closed form for generic heavy operator ratio hH=c. The result is a highly non-
trivial extension of the leading order and may be relevant for further rened AdS3/CFT2
tests. Applications to the two-interval Renyi entropy are also presented.
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1 Introduction
Conformal eld theories are characterised by their operator spectrum and fusion rules.
From this basic data, correlation functions may be computed by repeatedly applying the
operator product expansion (OPE). This procedure is conveniently organised with respect
to the representation content of the conformal algebra. Its main ingredients are the global
conformal blocks that are fully determined by conformal symmetry [1{7]. In two dimen-
sions, the global conformal algebra is enhanced to the Virasoro algebra Vir  Vir and the
associated decomposition of correlation functions in terms of Virasoro conformal blocks is a
central problem in the study of dynamical properties. In particular, knowledge of Virasoro
conformal blocks is important for the bootstrap program [8], in Liouville theory [9], AGT
correspondence [10, 11], and, of course, in the context of AdS3/CFT2 duality as we shall
discuss later.
In this paper, we focus on the determination of the vacuum Virasoro conformal blocks
for the 4-point correlation functions on the sphere. Virasoro blocks encode the contributions

















They are functions F(c;h; hp; z) that depend on the central charge c, the external and
internal operators conformal weights h = fhigi=1;:::;4 and hp, and the conformally invariant
cross-ratio z of the four points.
Virasoro blocks are known in closed form only in a few special cases, typically involving
degenerate elds [12]. Series expansions in various scattering channels may be derived
by brute force computation exploiting the Virasoro algebra or by the recursion relations
derived by Zamolodchikov [13, 14]. Recently, a remarkable progress in this direction has
been achieved in [15] where three dierent closed-form perturbative expansions have been
obtained for the 4-point Virasoro blocks on the sphere. These representations are an
important computational tool to examine the semiclassical regime, i.e. a large central charge
limit where c ! 1 with some of the ratios hi=c being xed [16]. Of course, one of the
main motivations for considering this limit is that it is suitable for a holographic study
by means of the AdS/CFT duality. Following standard usage, the operators with growing
conformal dimension h  c are called heavy, while operators with xed h are called light.
An important and well studied tractable case is the heavy-light limit [17] associated with
the following 4-point function
Heavy-Light: hH H L Li: (1.1)
In this case, the relevant Virasoro block is the one associated with the conformal family
of the identity operator, i.e. the so-called vacuum block. The AdS3 bulk interpretation is
that the heavy operators build up a classical asymptotically AdS3 geometry corresponding
to a BTZ black hole [18], while the light operators are described by a geodesic probing this
background solution. The heavy-light case (1.1) may be generalised in various ways [17, 19{
22]. In particular, it is interesting to regard it as a special case of the general fully-heavy
situation where all ratios hi=c are xed as c ! 1, but two of them are taken to be
small in the end. This is legitimate because it has been proved that there is no problem
with the order of limits [20]. Recently, this holographic computation of the semiclassical
4-point function at rst order in hL=c has been fully claried in [23]. To this aim, a
bulk construction has been presented based on the geodesic Witten diagrams recently
introduced in [24], evaluated in locally AdS3 geometries generated by the back-reaction of
the heavy operators.
From the point of view of the 2d boundary CFT, the semiclassical limit is well dened
due to the exponentiation property of the Virasoro blocks [5, 9, 13, 25]. Indeed, at large
central charge we have
logF(c;h; hp; z) =   c
6
f(; p; z) +O(c0); (1.2)
where i are the xed ratios hi=c. The function f is sometimes referred as the classical
conformal block. In the bulk AdS3 gravity theory, this classical part describes relativis-
tic massive particles probing the asymptotically AdS3 geometry. While a closed form is
not known, we can study this function perturbatively with respect to the small (xed)
ratios hL=c, each term being determined by a monodromy prescription. More precisely,
the rst term of this expansion describes light particles propagating along the geodesics

















the back-reaction of particles on the geometry and describes the corrections to the emer-
gent thermality of heavy microstates at large c [20]. Further subleading terms in the 1=c
expansion (1.2), which are invisible in the semiclassical limit, account for truly quantum
gravitational corrections which have been recently investigated in [26]. In AdS3 bulk the-
ory, one can compute these corrections holographically by including the contributions of
gravitons 1-loop to geodesic Witten diagrams.
We now specialise to the subject of this paper, i.e. the vacuum Virasoro conformal
block that contains the contributions from the identity conformal family with hp = 0. In
this case, fusion onto the identity requires to consider a pairwise correlator with h1 = h2
and h3 = h4. The function in the r.h.s. of (1.2) is then f(1; 3; z), symmetric under the
exchange 1 $ 3. According to the above discussion, the interest in AdS/CFT tests
suggests to consider the following expansion around 1 = 0, with generic 3
f(1; 3; z) = 1 f
(1)(3; z) + 
2
1 f
(2)(3; z) +    : (1.3)
The rst correction f (1)(3; z) has been computed in [17] in closed form. The calculation
is based on the perturbative solution of a monodromy problem [9, 27] (see also the more
recent works [28{30]).1 The holographic setup in [23] is indeed able to reproduce f (1)(3; z)
by means of a bulk gravity calculation. In order to sharpen both this picture and the
associated tools, we believe that it is important to extend the expansion (1.3) including
the much more dicult next order contribution f (2)(3; z). In principle, this task can be
accomplished by solving the monodromy problem at higher order, but technical diculties
must be overcome. The aim of this paper is precisely that of providing the exact expression
for f (2)(3; z). Although our derivation will be somewhat heuristic, the nal result |
presented in (4.1) | passes several non-trivial tests. In particular, it agrees with the
explicit calculation of the perturbative Virasoro vacuum block at large orders in the s-
channel, that we have computed exploiting the powerful recent results of [15].
The plan of the paper is the following. In section 2 we set up the notation. In section 3
we discuss the semiclassical limit of the vacuum block in some details. We include explicit
results from the high order solution of the recursion relations obeyed by the block. This
allows to derive a series expansion of the (perturbative) exponentiated block. In section 4
we present our main results. Finally, in section 5 we give a simple application to the study
of two-interval mutual Renyi information. The details of our derivation and some additional
exact results are collected in appendix B. Other appendices collect long expressions that
may be useful for the reader.
2 Notation and preliminary considerations
The general form of the OPE between two Virasoro primary elds 1, 2 with conformal
dimensions h1, h2 is
1(z; z) 2(0; 0) =
X
p
Cp12 jzj2 (hp h1 h2) 	p(z; z j 0; 0); (2.1)
1In the context of holographic calculations of entanglement entropy [27, 31], the monodromy approach

















where we sum over all primaries p(z; z) and where 	p(z; z j 0; 0) takes into account the
contributions from the conformal family of p(z; z), i.e. the primary and its descendants.
The explicit expression of 	p(z; z j 0; 0) involves a sum over descendants and may be com-
pletely xed by using the Virasoro algebra (see [32] for ecient algorithms). The 3-point
couplings Cp12 are among the basic CFT data. A 4-point correlation function of primaries
has indeed the form





34 jF(c;h; hp; z)j2; (2.2)
where we used global conformal invariance to x three operators at 1; 1; 0. The letter
h stands collectively for the conformal dimensions h1; : : : ; h4, and the index in the fusion
coecients is raised by the Zamolodchikov metric gab = ha jbi. The Virasoro block
associated with the internal primary p(z; z) is the function F(c;h; hp; z) in (2.2). It may
be expanded in powers of z, i.e. in the Virasoro level `
F(c;h; hp; z) = zhp
1X
`=0
F`(c;h; hp) z`: (2.3)
This expression may be further rened by separating the contributions of the level q quasi-
primaries with respect to the global conformal algebra sl(2;R)sl(2;R), see [15] for a clean
presentation. The result is (hij  hi   hj)





2F1(hp + q + h12; hp + q + h34; 2 (hp + q); z): (2.4)
Here, q(c;h; hp) is a well-denite sum over the level q quasi-primaries and it involves the
1  2 ! q, 3  4 ! q fusion coecients. It is completely xed by Virasoro symmetry.
In all cases 0 = 1 and 1 = 0. For the vacuum block, obtained with hp ! 0, we need







2F1(q; q; 2q; z): (2.5)












c (5 c+ 22)
; (2.6)
and, for larger q, they are always rational functions of c, h1, h3 with rational numerical
coecients. Using the method of [15] to solve the hp ! 0 limit of the recursion relation























we obtained the explicit rational functions vac;q(c;h) up to q = 16.




a; c  b; c; z
z   1

= (1  z)a 2F1(a; b; c; z); (2.8)
we check invariance of (2.5) under the tranformation z ! zz 1 ,







that is nothing but the (bootstrap) symmetry between the s and t scattering channels.
3 Semiclassical limit
As discussed in the introduction, the semiclassical limit of the vacuum block is dened as






In this limit, there are arguments [5, 9, 13, 25] to expect that the block exponentiates
according to the relation ( = f1; 3g)
logF(c;h; z) =   c
6
f(; z) +O(c0): (3.2)
The function f(; z) is not known in closed form, but it may be considered order by order
at small values of one of the ratios . We dene the coecient functions f (`)(; z) by






The exact expression of the rst function f (1)(; z) appearing in (3.3) is known from the
calculation in [17] and reads










In the following, it will be important to further rene the expansion (3.3) by separating
out dierent powers of the ratio 3, as follows





2The expressions are available on request. Notice that they require some tricky implementation because
a naive coding of the relations in [15] has a complexity that grows prohibitively on symbolic manipulation

















where we have the obvious symmetry f (`;`
0)(z) = f (`
0;`)(z). In particular, from the re-
sult (3.4), we may obtain all the functions f (1;`)(z). The rst cases are
f (1;1)(z) =  12U2;




f (1;3)(z) =  16U32  
168
5




with Uq(z) = z
q logq 2(1  z) 2F1(q; q; 2q; z):
(3.6)
The function f (2)(; z) in (3.3) is not known and is the next-to-leading correction when one
of the ratios  is small. The main result of this paper is a closed form for this contribution,
analogous to (3.4).
3.1 Exact expansions from the recursion relations
Using our explicit data for vac;q(c;h), we checked that the exponentiation property written
in (3.2) holds perturbatively in small z at least up to the order O(z17). To clarify what
one gets, we write here the rst terms of the function f(; z),3

























































































































z7 +    :
(3.7)
We can collect the various powers of  and extract series expansions for the functions
f (`;`
0)(z) dened in (3.5). The rst instances of the rst order contributions f (1;`)(z) are


















+ : : : ;
























+ : : : ;





















+ : : : :
(3.8)


















One can check immediately that the expansions in (3.8) agree with the formulas in (3.6),
as they should. Going further, from (3.7) | and including additional terms | we can

















































































+ : : : : (3.10)
We have written many terms in (3.9) and (3.10) to emphasise that it is non trivial to
identify their resummation in terms of a closed function of z as it was possible in (3.6).
The solution will be presented in the next section and indeed will be much more involved


































































































z11 + : : : : (3.11)
These may be used as a check, although we shall also provide much longer expansions at
specialised values of  to further check. Of course, the terms linear in  in (3.11) dene
the function f (2;1)(z). This is equal to f (1;2)(z) and indeed the expansion is the same as
that in the second line of (3.8). In the following, it will be convenient to trade  for the
same  parameters as in (3.4), i.e.  =
p
1  24. With a little abuse of notation, we shall

















after this redenition are then
f (2)(; z) =
1
120
(2   1)  112 + 1 z4 + 1
60









(2   1)  2516   424794 + 7342692 + 65399
2016000
z8 + : : : :
(3.12)
Many additional terms are collected in appendix A.
4 The exact expression for the NLO contribution f (2)(; z)
Our main result is the following closed expression for the derivative @zf
(2)(; z). This is
what is obtained from the solution of the second order monodromy problem according to
the procedure discussed in appendix B.
@z f




(1  z)z (1  (1  z))3

(+ 1) z
  (1  z)( z + 4 z log(1  z)  8 z log z   9 z + 6)
+ (1  z)2(  z   4 z log(1  z) + 8 z log z + 3 z + 8)





144 ((1  z) + 1) (1  z) 1( cot() + 2 (0)() + 2)
(1  (1  z))3 (4.3)
(III) =   72 ((1  z)
 + 1)2
(1  z) (1  (1  z))3 2F1(1; ; 1  ; 1  z)
  72 ((1  z)
 + 1)
(  1)z (1  (1  z))2 2F1(1; ; 2  ; 1  z)
+
  144( 1)(1 z)  (z 1)2+144(1 z)2 (+z(1 z)+z 1)
(+ 1)z (1  (1  z))3 
2F1(1; + 1; + 2; 1  z):
(4.4)
If we expand this expression in powers of z and integrate term by term | with no additional
integration constant | we recover indeed (3.12), including many additional non-trivial
terms that may be found in appendix A.
4.1 Exact expression for f (2;2)(z) and f (2;3)(z)
In order to obtain all the functions f (2;`)(z) from (4.1), we simply have to replace  =p

















be treated by using the algorithms described in [33, 34]. We need the expansion of the
hypergeometric functions in (4.4) around  = 1. Setting  = 1 + ", these read
2F1(1; ; 1  ; z) = z
"
+ z + z log(1  z) + 1 + z (log(1  z)  Li2(z)) "
  z (Li2(z) + Li3(z)) "2   z (Li3(z) + Li4(z)) "3 + : : : ;
2F1(1; ; 2  ; z) = 1  z + ( z   z log(1  z) + log(1  z)) "
  (z   1)(log(1  z) Li2(z))"2+(z 1)(Li2(z)+Li3(z)) "3 + : : : ;
2F1(1; 1 + ; 2 + ; z) =  2(z + log(1  z))
z2
+








"3 + : : : : (4.5)





30z3 + log(1  z) (4(z   1) log(1  z)(3z   6z log z
+(4z   6) log(1  z))  3(z   2)z2 




Expansion in powers of z reproduces the result in (3.9). Besides, the expression in (4.6)
is crossing invariant, see (2.9). With more work, one can also derive the expression of










z4   3z3 log(1  z)(z + 48z log(z)  2)
  12(z   1)z2 log2(1  z)(2 log(z)  1) + (z   1)(11(z   4)z + 36) log4(1  z)







3z3+(z 1) log(1 z)(z+(z 2) log(1  z))
  (z   1)(z + (z   2) log(1  z))(Li3(1  z)  3)

: (4.7)
Again, expansion in powers of z reproduces the result in (3.10) and one checks that (4.7)
is crossing invariant, see (2.9).
5 A simple application: two interval Renyi entropy
As a simple application, we follow the discussion in [15] and connect our results for the
vacuum block with the two-interval Renyi entropy. This is the quantity Sn obtained as the
4-point correlation functions of twist elds 
Sn(z) =
1
























where C n=Zn is a cyclic orbifold with central charge n c. At large c the twist elds behave as
heavy operators. Using the exponentiation (3.2) | taking into account the antiholomorphic
part | the vacuum contribution to Sn may be shown to be simply [27]
Sn;vac(z) =   n c










up to subleading corrections as c ! 1. Replacing (3.7) into (5.2) we obtain the function
Sn;vac(z) at order O(z17). The rst 14 terms are shown is in appendix D. Of course, we
reproduce the O(z9) expansion in (3.15) of [35], with generic n.4
According to the analysis of [15], it is convenient to organise Sn at xed z in an
expansion around n = 0, where n = 1 + n. Then, the expansions (3.3) and (3.5) resum



















































































































+ : : : :




f (1;1); S(2)(z) =
1
2592








( 4104f (1;1) + 1188f (1;2)   60f (1;3) + f (1;4)   30f (2;2) + f (2;3));
(5.5)
and all relevant f (`;`
0)(z) have been computed. In particular, the terms S(3) and S(4) are
an extension of the previous results since they involve f (2;2) and f (2;3). For completeness,
4The quantity In in [35] is the mutual information equal to  Sn plus a  log z term that is absent here

















we give the explicit expressions of the combinations in (5.5)










(12(z   1)zLi3(1  z)  12(z   1)zLi2(1  z) log(1  z) + z3   3z3 log(1  z)
  12z23+6z2 log3(1 z) 12z2 log2(1 z) 6z2 log2(1 z) log(z)+6z2 log(1  z)
+ 12z3 16z log3(1 z)+10 log3(1  z) + 12z log2(1  z) + 6z log2(1  z) log(z));
S(4) =   1
18z4
(72z4Li2(z) + 36z
3Li3(1  z)  24z3Li3(1  z) log(1  z)  36z2Li3(1  z)




z2   3z + 2 log2(1  z)
 3(z   1)z log(1  z))  48zLi3(1  z) log(1  z)  122z4   3z4 log(1  z)
+ 72z4 log(1  z) log(z)  36z33 + 24z33 log(1  z)  6z3 log4(1  z)
+ 18z3 log3(1 z)+12z3 log3(1 z) log(z) 18z3 log2(1 z) 18z3 log2(1 z) log(z)
+ 6z3 log(1  z) + 36z23   72z23 log(1  z) + 31z2 log4(1  z)  48z2 log3(1  z)
  36z2 log3(1 z) log(z)+18z2 log2(1 z)+18z2 log2(1  z) log(z) + 48z3 log(1 z)
  46z log4(1  z) + 21 log4(1  z) + 30z log3(1  z) + 24z log3(1  z) log(z)): (5.6)
Of course, their expansions at small z agree with the rst four lines in (5.4). We conclude
this section with a curious remark. The denition (5.1) of the Renyi entropy requires n
to be integer. Analytic continuation is possible at least at the level of the perturbative
expansion in z, since all coecients are rational functions of n, see appendix D. At the



































In this paper we have improved our knowledge of the semiclassical heavy-light limit by
computing the next-to-leading order corrections to the vacuum Virasoro block. Generally
speaking, these corrections have an interesting dual interpretation at the level of the back-
ground geometry. Our explicit results may be discouraging due to their complexity, but
could be tested in some special limit. A natural extension of this work is to CFTs with
extended W-symmetry, see [36]. This is a non-trivial task because of the dependence on
the additional W-charges besides Virasoro conformal weights. Another generalization is to
consider blocks with a non-trivial intermediate eld with hp 6= 0. This may be possible by

















gravity. The idea is that if the chiral Wilson line carries a spin-s charge, we can extract
its part linear in this charge. This term must be proportional to the Virasoro block for the
spin-s current exchange. Finally, we believe that it could be of some interest to provide
a cleaner derivation of the perturbative solution of the monodromy equations, possibly
exploiting its relation with the gravity equations of motion in Chern-Simons form.
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A Long expansion for the function f (2)(; z)
Let us write the expansion (3.12) in the form
f (2)(; z) =
1X
n=4
(2   1) pn() zn: (A.1)










































(181500410   8739639918 + 568861514226   11068104354884




(181500410   3242648418 + 141016196326   2184123148784 (A.2)




( 42726512 + 29752739110   293525403298 + 9402791632836




( 8545312 + 2175339510   14125478378 + 354747202956




















(22620574114   21500112958912 + 2983632844864710
  14086418567749138 + 289526030916554836   2776720659263824074




(22620574114   7772088508912 + 701924371330710
  2568411146550538 + 44576079605968636   380082058571009274
+ 1418201897744440892 + 11748922612161069):
B Details of the derivation
B.1 The monodromy problem
The results of section 4 are obtained by the monodromy method [13, 17, 27]. Let us briey
recall the main points. The function f(; z) is related to the monodromy properties of the
following equation specialised to the vacuum block case
 00(w) + T (; z;w) (w) = 0; (B.1)
where
T (; z;w) =
63










  c(; z) z (1  z)
w (w   z) (1  w) :
(B.2)
The accessory parameter c(; z) is xed by imposing a trivial monodromy along a con-
tour encircling the two points w = 0; z. Then, the semiclassical Virasoro block f(; z) is
obtained by integrating the relation5
c(; z)  121
z
= @z f(; z); (B.3)
with suitable boundary condition at z ! 0. The determination of the accessory parameter
is a dicult analytical problem.6 In our case, there is no known solution for generic , but
one can work out a perturbative expansion in powers of 1 at generic 3. Plugging (3.3)
into (B.3), and assuming that  (w) admits a regular expansion around 1 = 0, we set
 (w) =  0(w) + 1  1(w) + 
2
1  2(w) + : : : ;
c(; z) = 1 c1(3; z) + 
2
1 c2(3; z) + : : : ;
(B.4)
and solve the equations
 000(w) + T0(3;w) 0 = 0; (B.5a)
 001(w) + T0(3;w) 1 =  T1(3; z;w) 0; (B.5b)
 002(w) + T0(3;w) 2 =  T2(3; z;w) 0   T1(3; z;w) 1; (B.5c)
5The second term in the l.h.s. of (B.3) is due to a normalization factor z2h1 that we must take into
account when matching the monodromy computation with our denition of the Virasoro block.
































  c1(3; z) z (1  z)
w (w   z) (1  w) ;
T2(3; z;w) =  c2(3; z) z (1  z)
w (w   z) (1  w) :
(B.6)
The solution at rst order is well known and quite simple. One starts from the two
independent solutions at leading order, i.e. (B.5a). They are






Two linearly independent solutions to (B.5b) are then












dw  +0 T1  

0 : (B.8)
The integrands in (B.8) have only polar singularities around w = 0 and w = z. Thus,
 1 have trivial monodromy around these two points when the sum of residues in w =
0; z vanishes. This gives immediately (we identify again with little abuse of notation
cn(3(); z)! cn(; z))
c1(; z) = 6
  1 + (1  z) (1 + )
(1  z)(1  (1  z)) : (B.9)
Integrating (B.9) with the condition f (1)(3; z) = O(z2) for z ! 0, one gets (3.4). In
principle, one could solve (B.5c) in the very same way, but  1 will be integrated and it is
rather dicult to control the analytic structure of the result. Indeed, some of the integrals
in (B.8) are denitely non trivial, like for exampleZ
















1; 1; 1  ; 1w

w
   (+ 1) 2 ~F1(1; +1; +2; 1  w)
+
(w   1) ( ) 2 ~F1

1; 2; 1  ; z 1z w





In the next subsection, we discuss what can be obtained at specialised values of the pa-
rameter , see (B.7), where the function c2(; z) is rst expanded in powers of z and then
resummed, thus bypassing the above problems.
B.2 Special cases
If we x  =
p
1  243 and work out the solution of (B.5c) order by order around z = 0,











































and found that in all cases, the function C(; t) = c2(; 1   (1   t) 1 ) is the generating
function of a holonomic sequence, i.e. it obeys a dierential equation of the form [42]
P (; t) @tC(; t) +Q(; t)C(; t) +R(; t) = 0; (B.13)
where P;Q;R are polynomials in t. Once these polynomials are identied, the function
c2(; z) may be determined by integrating (B.13) and replacing t = 1   (1   z). We
identied the precise form of (B.13) for the special values in (B.12) by computing the
coecients c2;n in (B.11) up to n  60. Just to give an example, for  = 12 , one nds the
dierential equation






















z   6p1  z   2
(z   1)z (B.15)
  72
  p
1  z + 2 z   2  p1  z + 1  4 log  p1  z + 1  log(16(1  z))
(z   1)z  z + 2p1  z   2 :
As a check, one can expand (B.15) in powers of z and integrate term by term recovering
the expansion (3.12) for  = 12 . Of course, after some manipulation, one can also check
a posteriori that (B.15) is in agreement with (4.1). Unfortunately, inspection of c2(; z)
for the values (B.12) reveals that it is far from being trivial to identify a regularity. For









  z + 5(1  z)2=3 + 5 3p1  z + 2






1 z+1   z+(1 z)2=3+ 3p1 z+1 log 13  3p1 z+ 13p1 z +1 
3
p
1 z   12 (z 1)z ;
and one may hope to guess a general formula. This works easily for the rst lines of (B.15)



































































1  z   13 (1  z)4=5 ;
and the appearance of the inverse hyperbolic cotangent becomes a major problem in the
identication of some regularity. The explicit results for  = 14 ;
1
6 are collected for the
reader's interest in appendix C in simplied form in order to display their structure. Of
course, they may be also recovered from (4.1).
Further explicit results may be obtained by the very same procedure for integer values
 = 2; 3; 4; : : : : (B.18)
Here, we do not care about the physical interpretation of these values and simply use them
to explore the form of c2(; z) at more specic points. In all cases in (B.18), c2(; z) is
simply a rational function. Explicit expressions are
c2(2; z) =
36z3
(z   2)3(z   1) ; (B.19a)
c2(3; z) =
72(z   2)z3  z2   5z + 5




9z6   98z5 + 466z4   1208z3 + 1784z2   1416z + 472
(z   2)3(z   1) (z2   2z + 2)3 ; (B.19c)
c2(5; z) =
12(z   2)z3
(z   1) (z4   5z3 + 10z2   10z + 5)3 (12z
8   147z7 + 826z6   2783z5
+ 6104z4   8875z3 + 8325z2   4600z + 1150); (B.19d)
and so on. Despite their relative simplicity, it is again non trivial to nd a regularity in
the sequence (B.19a){(B.19d).
B.3 Back to the monodromy problem
We now come back to the second order monodromy problem in (B.5c) and try to exploit
the many exact results of section B.2 in order to set up a mixed heuristic strategy. Two
independent solutions may be written as in (B.8) and read





dw   0 (T1  
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dw  +0 (T1  

1 + T2  

0 ): (B.20)
Expanding around w = 0 or w = z, one nds
 2 (w) =
1
2
log2w +A(; z) logw +O(w logw);
 2 (w) = B


















The monodromy cannot be read from these local expansions. Nevertheless, one observes
that the integrand in the second term of (B.20) for  +2 has a remarkable property. Its
expansion around w = 0 has the form
 +0 (T1  
+
1 + T2  
+
0 ) =





+ : : : ; (B.22)
with no logw in the residue of the simple pole. Also, the function f2(; z; c2) involves
c2(; z) that is absent from the double pole. A similar property holds for the expansion
around w = z
 +0 (T1  
+
1 + T2  
+
0 ) =
 (1  z)+1 log(w   z) + ef1(; z)
(w   z)2 +
ef2(; z; c2)
w   z + : : : ; (B.23)
Then, we determine c2(; z) by the simple and well posed requirement that the sum of the
simple pole residues in (B.22) and (B.23) vanishes, let us call it bc2
f2(; z;bc2) + ef2(; z;bc2) = 0: (B.24)
Admittedly, this procedure has no particular rigorous motivation but just tries to get the
most out of the expansions (B.22) and (B.23). In particular, there is no reason why bc2
has to be identied with the exact accessory function c2 such that the exact monodromy is
trivial. However, one can now compare this function bc2 with the exact solutions determined
in section B.2 at the many special values (B.12), (B.18). Quite surprisingly, the mismatch
is always very simple
c2(; z) = bc2(; z) + 18 (+ 1) 1 + (1  z)
(1  z) [1  (1  z)] : (B.25)
In other words, the term bc2(; z) captures all the transcendental contributions whose ori-
gin is from hypergeometric functions depending on . The remainder is the very simple
function in the second term of (B.25). Its origin is presumably from the contributions of
the logarithms in the double pole of (B.22) and (B.23), although a global analysis of the
exact  2 would be necessary to clarify this. The combination in the r.h.s. of (B.25) is
precisely the result in (4.1). It passes various non-trivial checks:
1. It reproduces the exact result at the specialized points (B.12) and (B.18).
2. It agrees with the expansion (3.12) at order O(z16) for generic . We recall that (3.12)
comes from the higher order solution of the Zamolodchikov recursion relations.
3. Finally, it is non perturbatively crossing symmetric, see (2.9).
Item (2) in the above list is perhaps the most stringent one because  is generic and the
expansion (3.12) | including all terms in appendix A | depends on it in a highly non-
trivial way. All these features lead us to conclude that (4.1) is the correct expression for
the next-to-leading semiclassical vacuum block. In principle, it may be possible to make





































































1  z   1+  5 6p1  z + 17 z 
6
p


















1  z + 6p1  z + 1  log(432(1  z))  (C.2)
D Long expansion of the two-interval Renyi entropy
Using (5.2) and our extended data for the expansion (3.7), we get
Sn;vac =
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